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1 
The celebrated Gronwall-Bellman lemma provides explicit bounds on 
solutions of a class of linear integral inequalities. Recently, in [5 and 61 
the author has obtained some integral inequalities of the Gronwall-Bellman 
type that have a wide range of applications in the theory of differential and 
integral equations. The aim of the present note is to establish some useful 
nonlinear generalizations of the following integral inequality proved in [5]. 
LEMMA 1. Let x(t), f(t) and g(t) be real-ealued nonnegative continuous 
functions defined on I = [a, b], for which the inequality 
s(t) < so + Iut f (s) X(S) ds + J:f(s) (I’g(T) .t(rj (IT) ds, t E I, 
a 
holds, where x0 is a nonnegative constant. Then 
‘v(t) ~~0 (1 + jtf(s)exp (~~‘(.f(~) +g(r))‘~) dsj , TV’. 
a 
For the applications of this lemma and some of its variants we refer the 
interested reader to the references [6-S]. In Section 2 we establish our main 
results on the nonlinear generalizations of Lemma 1. 
Although the integral inequalities of the Bellman-Bihari type are widely 
known and used, there appear to be no results of this kind for integral 
inequalities. 
2 
&4 very useful generalization of the Gronwall-Bellman lemma is due to 
Bihari [2] which provides explicit bounds on unknown function. In this 
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section, we wish to establish some nonlinear generalizations of Lemma 1 
which may be used as a tool in applications. A useful nonlinear generalization 
of Lemma 1 may be stated as follows. 
THEOREM 1. Let x(t), f(t), g(t), h(t) and h(t) be reaE valued nonnegative 
continuous functions defined on I; H(u) be a positive, continuous, strictly 
increasing, submultiplicative and subadditive function for u > 0; H(0) = 0, 
and suppose further that the inequality 
x(t) G f  (t) + g(t) [ j-’ h(s) H (4s) + g(s) j-; h(7) H(44) dT) ds] 9 (1) 
is satisJed for all t E I. Then for t E I,, 
44 G f  (t) + g(t) 
X [C + Jat h(s) H (g(s) G-l (G(c) + j-’ f%‘(T)) (h(T) + h(T)) d7)) h] , 
a 
whme 
(2) 
C = 1; h(s) H( f(s) + B(s) 1; h(T) H(f(7)) dT) & (3) 
r Z r. > 0, (4) 
and G-1 is the inverse fun&on of G, and 
IO = It E I: G(m) k G(c) + 1; f&?(T)) (h(T) + k(T)) dT/ . 
Proof. Without loss of generality we may assume that x(t) > f  (t). 
Using the subadditivity of H, we have from (1) that 
x(t) - f(t) < g(t) ua’ h(s) H (x(s) - f(s) + g(s) j-; h(T) H(44 - f  (7)) do) ds 
+ I b h(s) H ( f(s) + g(s) IS h(T) H(f (T)) dr) ds] . 
a a 
(5) 
Let u(t) = x(t) -f(t) and define 
v(t) = I’ h(s) H (u(s) + g(s) j-’ h(T) H@(T)) d7) ds + c, v(a) = c. (6) 
a a 
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Then (5) can be restated as 
u(t) G g(t) v(t). (7) 
Differentiating (6) and using (7) in view of the properties of H, we get 
m(t) = v(t) + j” t h(7) H(g(d) f&(4) dT, m(a) = V(a) = c, (9) 
a 
it follows from (S), (9) and the fact that o(t) .< m(t), that we have 
m’(f) G f%(t)) (h(t) + h(t)) f@(t)). (10) 
Dividing both sides of (IO) by H(m(t)), using (4) and integrating from a to t 
we obtain 
G(m(t)) - G(c) < 1’ H(g(4 (4~) + k(~)) dT. 
a 
(11) 
Then, from (8) and (11) we have 
Now, integrating both sides of (12) f rom a to t and substituting the value of 
u(t) in (7) we obtain the desired bound in (2). 
Another interesting and useful generalization of Lemma 1 may be stated as 
follows. 
THEOREM 2. Let x(t), f(t), g(t), h(t) and h(t) be real waked nonnegative 
continuous functions dejined on I; H(u) be a positive, continuous, strict<v 
increasing, subadditive and submultiplicative function for u > 0; H(u) = 0, 
and H-l denotes the inverse function of H, for uthich the inequality 
409/49/z-3 
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holds for all t E I. Then 
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for all t E I. 
Proof. Since H is subadditive, submultiplicative and monotonic, we 
have from (13) 
449) G H(f tm + H(&N 
Define a function w(t) such that 
(15) 
v(t) = 1’ h(s) H@(s)) ds + 1” h(s) H&(s)) (IS k(T) H@(T)) do) ds, U(U) = 0, 
a a a 
then we obtain 
v’(t) = h(t) (WW + Wg(tN Iat k(T) H@(T)) d’) 9 
which in view of (15) implies 
w’(t) < h(t) (H(f (9 + H(&N /v(t) + 1’ 44 (H(f (T>) + H(&)) %) dj) . 
a 
If we put 
(16) 
‘=tr> = v(t) + j” k(7) (H(fb)) + &Y(T)) w(T>) dT, m(a) = v(a) = 0, 
a 
(17) 
it follows from (16), (17) and the fact that v(t) < m(t), that we have 
WI G f%W (h(t) + k(t)) 4) + H(f (9 (h(t) + 4% 
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which implies the estimate for m(t) such that 
m(t) < exp (j” H(g(T)) chcT) + k(T)) dT) ’ I’ H(.~(T)) ch(d + k(T)) 
(18) 
. esp [- j‘ H(g(n)) (h(n) + h(n)) dz) dT, 
n 
since m(u) = 0. Then from (16) and (18) we have 
v'(t) < I@) (H(f(t)) + f%+)) :exP (!I f&?(T)) (hcT) + k(T)) dT) 
1' ff(fcT)) (h(T) + h(7)) ' exP (- j ' H(g(n)) (h(n) $- k(n)) dn) dT# -n 0 
(19) 
Now, integrating both sides of (19) f  rom a to t and substituting the value of 
z’(t) in (15) and then applying H-l to both sides of (15), we obtain the desired 
bound in (14). 
Finally, we establish the following integral inequality which can be used in 
obtaining the lower bounds on unknown function. 
THEOREM 3. Let x(t), g(t), h(t) and h(t) b e real valued nonnegative con- 
tinuous functions defined on I, and H(u) is the same function as defined in 
Theorem 2; and 
s(t) 3 x(s) - g(t) H-l [I” h(T) H(x(T)) (17 + Jyf /I(T) (1: h(n) H(x(n)) dn) dT] 
for a < s .< t < 6. Then, 
P) 
x(t) 3 s(s) ) H-1 [ 1 + H(g(t)) j’ h(T) exp ( 1” (h(n) H(g(t)) + h(n)) dnj dT] [-I 
s -7 
for a < s .< t < b. 
(21) 
Proof. Rewrite (20) as 
s(s) 6 x(t) + g(t) H-l [j” h(T) H(s(T)) dT + 1’ h(T) 
s - 5 
( I” k(n) H(x(n)) dn) dT] . 
“7 
(22) 
Since H is subadditive, submultiplicative and monotonic, we have from (22) 
(23) 
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For fixed t in the interval I we define for Q < s < t, 
From (24) we have, 
w = --HWN &I [fw~,, + J-St w ww) q , 
which in view of H(x(s)) < U(S) implies 
w 2 --H(&)) h(s) [a + s,” k(n) $4 dn] * 
If we put 
(25) 
(26) 
m(s) = w(s) + 1’ k(n) w(n) dn, m(t) = w(t), (27) 
.s 
it follows from (26), (27) and the fact that W(S) < m(s), that the inequality 
m’(s) + w wm + k(s)) 44 9 0 (28) 
is satisfied, which implies the estimation for m(s) such that 
‘+> f +tt)) exP ([’ tk(T) H&(t)) + KtT)) dT) , 
since m(t) = H(x(t)). Then from (26) and (29), we have 
(29) 
w’(s) > -f&(t)) f%$t)) h(s) =I? (( (h(T) H(&)) + k(T)) dT) - (30) 
Now, integrating both sides of (30) from s to t and substituting the value of 
w(s) in (23) we obtain the desired bound in (21). 
In [33 and [4] the authors have obtained the lower bounds on unknown 
functions. However, the bound obtained in Theorem 3 is different from those 
given in [3] and [4]. 
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